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Electrons in graphene with heavy adatoms (such as In or Tl) have been predicted to form a 2D
topological insulator phase with a substantial spectral gap potentially suitable for future practical
applications. In order to facilitate the ongoing experimental efforts to identify this phase we perform
a theoretical study of its spectral properties in a model graphene system with randomly distributed
adatoms. Our extensive modeling shows that random heavy adatoms produce a full spectral gap (as
opposed to a mobility gap) accompanied by distinctive quasiparticle interference patterns observable
by means of Fourier-transform scanning tunneling spectroscopy.
PACS numbers: 73.43.-f, 72.25.Hg, 73.20.-r, 85.75.-d
Despite their pivotal role in the “topological revolu-
tion” that transpired in condensed mater physics in re-
cent years1–4 2D topological insulators (TIs) have thus
far largely failed to deliver on their promise to become
a testbed for fundamental new concepts and a platform
for exciting practical applications. The reason behind
this lies in the lack of widely available 2D TI materials.
The existing known 2D TIs include HgTe/CdTe quantum
wells5 and InAs/GaSb quantum wells6, which however
require specialized fabrication techniques and have not,
thus far, caught on as convenient and widely available
platforms for broad experimentation. This is in contrast
to 3D TIs4 where dozens of confirmed materials exist
and the prototype Bi2Se3, Bi2Te3 materials are straight-
forward to grow and widely available.
The historically first and conceptually simplest 2D TI
system is based on the Kane-Mele model7 for graphene
with spin-orbit coupling (SOC). Although the intrinsic
SOC strength is too small to bring about this phase in
pristine graphene it has been suggested that the effect
can be amplified manyfold by depositing a dilute concen-
tration of certain heavy adatoms. Specifically, graphene
with a modest ∼ 6% concentration of In and Tl adatoms
is predicted to form a TI with an estimated gap of 7
and 21 meV, respectively.8 These adatoms’ outer elec-
trons are in p shells and in essence act as local sources of
strong SOC for low-energy Dirac electrons in graphene.
Potentially much larger gaps can be achieved by using
transition metal elements with active d orbitals such as
Ir and Os, although the detailed microscopic mechanism
is somewhat different here.9
Although conceptually simple and straightforward to
implement, the proposal to generate a 2D TI from
graphene with adatoms has not yet been experimentally
realized. Transport experiments10 on graphene flakes
with very small concentrations of In (< 0.02%) have con-
firmed the predicted doping dependence (each In adatom
donates ∼ 1 electron) but were unable to confirm the
transition into the topological state which one expects
only at higher adatom densities. Preliminary scanning
tunneling microscopy11 (STM) studies of Tl on graphene
grown on SiC substrate indicated the ‘hollow’ adsorption
site (in the middle of the hexagonal plaquette) as pre-
dicted but could not resolve the spectral gap characteris-
tic of a 2D TI. Angle resolved photoemission12 (ARPES)
on similar samples observed the effect of doping as well
as increased line broadening, but again failed to discern
any clear signature of an excitation gap.
In order to assist the ongoing experimental efforts
aimed at identifying the 2D topological phase in graphene
with adatoms we undertake here a program of theoretical
modeling of its spectral properties in the experimentally
relevant regime of randomly distributed adatoms. Aside
from detailed predictions that we develop for STM and
ARPES our study yields two important qualitative in-
sights. First, we find that SOC generated by randomly
distributed heavy adatoms produces a full spectral gap (as
opposed to a mobility gap). This feature was not appar-
ent from the original transport calculations in the disor-
dered regime8,9,13 although more recent work14 indicated
that this might be the case. Second, we identify unique
signatures of the SOC observable by Fourier-transform
scanning tunneling spectroscopy (FT-STS). These take
the form of quasiparticle scattering patterns that are
prohibited by symmetries in graphene with ordinary po-
tential scatterers.15 Our results thus identify ARPES in
combination with FT-STS as ideal tools for observing the
topological phase in graphene with heavy adatoms.
In this study we focus on the simpler and physi-
cally more transparent model appropriate for In and
Tl adatoms8 defined by the lattice Hamiltonian H =
Ht +
∑
I δHI with
Ht = −t
∑
〈rr′〉
(c†rcr′ + h.c.) +
∑
r
wrc
†
rcr, (1)
δHI = −δµ
∑
r∈I
c†rcr + λso
∑
〈〈rr′〉〉∈I
(iνrr′c
†
rs
zcr′ + h.c.).
Here Ht describes the usual nearest-neighbor electron
hopping on the graphene honeycomb lattice with t '
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22.7eV and wr denoting weak random disorder (unre-
lated to adatoms) coming from the substrate or other
sources. r denotes the lattice site and the electron spin
is treated implicitly (i.e. we view cr as a two-component
spinor, sz is the Pauli matrix). In the second line I la-
bels the random plaquettes occupied by adatoms. The
first term in δHI describes the chemical potential that
screens charge from the adatoms, while the second term
captures the local intrinsic spin-orbit coupling induced by
electrons hopping from graphene to an adatom and back.
We neglect the Rashba coupling, which has been shown
unimportant.8 In addition, νrr′ = +1 for hops clockwise
around the plaquette and −1 counterclockwise. Realistic
parameters for Tl adatoms are λso = 0.02t and δµ = 0.1t.
According to the previous work8,14 we expect the SOC
induced by In and Tl adatoms to open a gap in the
electron excitation spectrum at the Dirac point. It is
thus useful to start our discussion by considering the ef-
fective low-energy theory obtained by projecting Hamil-
tonian (1) to the vicinity of the two Dirac momenta
±K = ±(4pi/3√3a, 0) with a the separation between
nearest carbon atoms. The low-energy Hamiltonian
reads Heff =
∫
d2rψ†(r)(h0 + h′)ψ(r) with
h0 = −i~v (τzσx∂x + σy∂y) , (2)
h′ =
∑
j
(−3δµ+ Λsoτzσzsz)S0δ(r−Rj).
Here τ and σ are Pauli matrices acting in the valley
and sublattice space, respectively, v represents the Fermi
velocity, Λso = 3
√
3λso, S0 is the area of the unit cell
and Rj denotes the random adatom positions. The 8-
component spinor ψ(r) describes the low-energy elec-
tron field in combined valley, sublattice and spin space.
For simplicity we neglect the substrate disorder here but
we come back to it later. Upon Fourier transforming
the Hamiltonian takes the standard form of a disorder
problem,16
Heff =
∑
k
ψ†khkψk +
∑
kq
ψ†k+qρqUqψk, (3)
with hk = v(τ
zσxkx +σ
yky), ρq =
∑
j e
−iRj ·q and Uq =
(−3δµ+ Λsoτzσzsz)S0/S and S the area of the system.
We are interested in the disorder-averaged electron
propagator
g(k, ω) =
[
g0(k, ω)
−1 − Σ(k, ω)]−1 (4)
where g0(k, ω) = (ω+ iδ−hk)−1 is the propagator of the
clean system with δ = 0+ while Σ(k, ω) represents the
disorder self energy. For weak disorder we can evaluate
the latter using the standard Born series, which corre-
sponds to the expansion in powers of Uq. To first order
we obtain simply16
Σ(1)(k, ω) = NIUq=0 = nI(−3δµ+ Λsoτzσzsz), (5)
where NI is the total number of impurities (adatoms)
and nI = NI(S0/S) is their number density. The key
point to notice here is that while the scalar term −3δµ
in Σ(1) merely shifts the overall chemical potential the
SOC term opens up a spectral gap at the Dirac point
with the amplitude ∆so = nIΛso. Therefore, the first
order Born correction, which is often neglected as unim-
portant for scalar disorder potential, leads to an impor-
tant qualitative change in the spectral properties of the
system. Furthermore, to this order the effective disorder
averaged Hamiltonian h
(1)
k = hk + Σ
(1)(k, 0) is identical
to the Kane-Mele model7 and describes a Z2 topologi-
cal insulator with bulk gap and protected gapless edge
states.
The second order Born expansion gives
Σ(2)(k, ω) = NI
∑
q
Uk−qg0(q, ω)Uq−k (6)
= nI
(
3δµ− Λsoτzσzsz
Λ
)2
ω
4pi
{
ln
ω2
Λ2
− ipisgn(ω)
}
,
where Λ = v/
√
S0 ' t is the high-energy cutoff for Dirac
fermions. For the relevant frequencies ω ' ∆so we ob-
serve that Σ(2) represents a small correction to Σ(1) as
long as nI(δµ/Λ)
2, nI(Λso/Λ)
2  1, which we expect to
be always true. Higher terms in the Born expansion will
be down by additional powers of these small parameters
and can therefore be neglected. We conclude on this
basis that random distribution of heavy adatoms will in-
deed open a gap ∆so ' nIΛso in the spectrum of Dirac
fermions. In addition, the disorder induces quasiparti-
cle lifetime broadening Γ = ImΣ already apparent in Eq.
(6). We expect the disordered system to remain in the
topological phase as long as Γ . ∆so and the chemical
potential stays inside the gap.
The gap predicted to exist in graphene with randomly
distributed heavy adatoms should be directly observable
by various spectroscopies such as ARPES and STS and in
transport measurements. Such observation alone would
provide a strong support for the notion of the topological
phase but would not constitute a definitive proof. Detec-
tion of quantized edge transport would provide defini-
tive evidence but is complicated by the need to position
the chemical inside the gap. As a plausible alternative
to transport measurements we study here quasiparticle
interference patterns, observable by FT-STS, which we
show contain unique signatures of the SOC origin of the
spectral gap.
An FT-STS experiment17,18 probes the local density of
states, n(r, ω), at a large number of real-space locations
r on the sample surface. The spatial Fourier transform
of this signal n(q, ω), referred to as FT-LDOS, can be
related to the full electron propagator G(r, r′;ω) as
n(q, ω) = − 1
pi
=
∫
d2re−ir·qTr[G(r, r;ω)]. (7)
Here the trace is taken over spin and orbital quantum
numbers and = denotes the strength of the branch cut
across the real frequency axis =f(ω) ≡ [f(ω+iδ)−f(ω−
3iδ)]/2i. In the limit of weak random potential, the in-
teresting q-dependent part of the FT-STS signal can be
expressed in a simple factorized form,19
δn(q, ω) = − 1
pi
ρq=[Λ(q, ω)], (8)
Λ(q, ω) =
∑
k
Tr[G0(k, ω)UqG0(k− q, ω)], (9)
where G0(k, ω) is the electron propagator in the absence
of disorder. Since ρq is the Fourier transform of a random
potential one expects it to be a featureless function of
q. Λ(q, ω), on the other hand, represents the response
of the underlying clean system and contains, in general,
prominent features as a function of q that can be used
to study its properties.
Compared to the standard theoretical treatment19 of
FT-LDOS where disorder can be neatly separated from
the underlying ‘clean’ system our problem exhibits a
slight difficulty in that adatoms provide both the source
of disorder and of the spectral gap that we would like
to probe. To address this complication we follow a two-
pronged strategy. First, we use an analytical approach
in which we focus on the low-energy theory (2) and take
the first-order disorder-averaged Hamiltonian h
(1)
k to de-
scribe the underlying clean system. We then assume that
residual disorder, not contained in the first-order Born
approximation, plus any disorder not related to adatoms
(e.g. substrate) is sufficiently weak and permits the use of
Eq. (8) to calculate the interference pattern. Second, to
confirm the validity of this approximate analytical treat-
ment, we consider the full lattice Hamiltonian (1) with
realistic parameters. We perform exact numerical diago-
nalizations on finite clusters for specific random adatom
configurations and compute FT-STS response with no
approximations directly from Eq. (7).
The analytical approach consists of evaluating the mo-
mentum sum in Eq. (9) with G0(k, ω) = [ω+ iδ−h(1)k ]−1
in the low energy approximation. If |q|  a−1 only scat-
tering within the same valley contributes to the sum,
whereas scattering from one valley to another appears for
q close to the corners of the Brillouin zone. To calculate
Λττ
′
(q, ω) we use the unperturbed one-particle Green’s
function G0(k, ω) = (ω+iδ−hk−∆soτσzsz)−1 where we
have subsumed the shift −nI3δµ into the bulk chemical
potential and τ = ±1 is the valley index. We assume here
for simplicity that the disorder potential is non-magnetic
and slowly varying on the lattice spacing scale such that
Uq = u01 in Eq. (9).
For the intravalley term, switching to Matsubara fre-
quencies iωn, we obtain
Λ++(q, iωn) = 8
∑
k
(iωn)
2 + ∆2so + v
2k(k− q)
D
, (10)
D =
(
ω2n + ∆
2
so + v
2k2
) (
ω2n + ∆
2
so + v
2(k− q)2) .
Integrals of this type can be computed in a similar
way as for pristine graphene20 by means of Feynman
ω
vqx
a)
ω
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b)
ω
vqx
c)
ω
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d)
a’)
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c’)
d’)
FIG. 1: Grayscale plots of |=Λττ ′(q, ω)| from Eq. (11) and
(12). Top panels a) and b) show the intravalley and intervalley
ω-qx maps for pristine graphene (∆so = 0). Bottom panels c)
and d) represent the same maps for ∆so = 1. Panels a’), b’),
c’), and d’) display transverse sections in the qx-qy plane of
the corresponding plots for ω = 1.5. We use one grayscale for
all intravalley features, and an other one for intervalley plots.
parametrization21,22. We find
Λ++ =
2S
piv2
[
ln(
Λ2
ω2n + ∆
2
so
) + 2g(z)− 8∆
2
so
v2q2
f(z)
]
, (11)
where z = 4[(iωn)
2 − ∆2so]/v2q2 and we defined func-
tions f(z) = 1√
z−1 arctan
(
1√
z−1
)
and g(z) = (z− 1)f(z).
We emphasize that f(z) has a singularity at z = 1
whereas g(z) does not. Therefore, in the absence of
SOC, the FT-LDOS has no singularities in the intraval-
ley response20,23. However, the term proportional to ∆2so
is singular when z = 1 or equivalently when ε(q/2) = ω,
where ε(k) = ±√v2k2 + ∆2so is the dispersion relation of
h(1). Those singularities arise from elastic backscatter-
ing terms in the sum (9) when q = 2k and ω = ε(k) =
ε(k−q). Pseudospin chirality conservation prohibits this
intravalley backscattering in pristine graphene because
incoming and outgoing quasiparticles have an opposite
pseudospin direction.15,24 In the presence of the SOC
mass term Λso, however, the chirality conservation is bro-
ken and intravalley backscattering close to the gapped
region is allowed.
The intervalley component for |q − K|  a−1 is ob-
tained from Eq. (9) using τ = +1 and τ ′ = −1 for the
left and right G0 term, respectively. We find
Λ+−(q, iωn) =
S
piv2
[
2
q2x
q2
(1− zf(z))− 1
]
. (12)
Here, the surface z = 1 is singular even without SOC,
but the amplitude is angle dependent. Singularities arise
from scattering of quasiparticles from one valley to the
other, but here the overlap of incoming and outgoing
quasiparticles’ pseudospins depends on q direction.
4ω
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FIG. 2: Numerical computation of |n(q, ω)| for the lattice
model of Eq. (1) on a 80×80 periodic cluster with λso = 0.04t
and δµ = 0.2t. Panel a) and b) show closeups of the intraval-
ley and intervalley FT-LDOS, respectively. Panel c) repre-
sents the spectral function A(q, ω) and d) the total density of
states n(ω).
In Fig. 1 we plot the FT-STS signal |=[Λττ ′ ]| based on
Eqs. (11) and (12). Without SOC, the intravalley signal
is non-singular and barely visible whereas a linear dis-
persion with slope v/2 appears in the intervalley signal.
When the SOC is present, we see a qualitative change in
the maps. Now a parabolic dispersion is clearly visible
both in the intra- and the intervalley FT-LDOS with a
gap 2∆so separating the two bands. We have also com-
puted numerically Λ(q, iω) from Eq. (9) away from the
low energy approximation of h0, and checked that the
characteristic features described above remain unchanged
as long as ∆so . t. Finally, a rapidly oscillating disorder
potential might have different amplitudes on A and B
sublattices such that Uq = u01 + αqσz in Eq. (9). One
can check, however, that the σz term does not contribute
to the intravalley response and affects only the amplitude
of the singularities in the intervalley term, in such a way
that our above statements remain true.
Even though our computations above were performed
for an averaged adatom distribution, we believe that the
characteristic signal of the topological phase can be ob-
served in FT-STS experiments. In order to support this
claim, we carried out exact numerical simulations based
on the lattice model of Eq. (1) for specific disorder con-
figurations. These computations have the advantage of
not relying on the weak disorder or low energy approxi-
mations. In addition, no average over disorder configura-
tions is performed before computing the FT-STS signal,
just like in real experiments. The FT-LDOS is evaluated
from Eq. (7) which can be manipulated into the more
convenient expression
n(r, ω) = − 1
pi
=
∑
i
|Ψi(r)|2
ω + iδ − Ei . (13)
where Ψi(r) and Ei are the eigenvectors and eigenvalues
of our one-body Hamiltonian (1) computed by means of
exact numerical diagonalization. In Fig. 2, we present
our results computed on clusters of 80 × 80 unit cells
for parameters λso = 0.04t and δµ = 0.2t, close to
realistic values. We consider here an adatom cover-
age of nI = 0.2 and an uncorellated random potential
wr ∈ [−0.04t, 0.04t]. The latter has in fact little effect be-
cause it remains much smaller than the disorder induced
by adatoms whose variance is about 3nIδµ
2. In order to
achieve better resolution, we show the FT-LDOS and the
spectral function signal as angular averages over circular
regions around the q = 0 or q = K points. In addition,
we average each quantity over 10 independent realization
of disorder.
Fig. 2a,b shows a clear energy gap in the intra- and
intervalley components of FT-LDOS. This gap is some-
what smaller than 2∆so = 6
√
3nIλso ≈ 0.083t obtained
in our approximate analytical calculation, but remains
open for each of our ten disorder configurations. More-
over, this gap also appears in the spectral function and
in the total density of states. This indicates that a ran-
dom distribution of adatoms on the graphene sheet not
only opens a mobility gap as demonstrated by Weeks and
coworkers8, but produces a full spectral gap observable
through ARPES and FT-STS experiments. One can also
perceive the parabolic electron dispersion in the most
intense regions of FT-LDOS plots, even if the strong dis-
order of the δµ term and finite size effects broaden the
singularity to some extent. The gap does not close when
we vary continuously the disorder strength wr from zero
to its final value and vary the adatom concentration from
nI = 1.0 to its value nI = 0.2. This demonstrates that
the system is in the same topological phase as the Kane-
Mele model7 and that the spectral gap has topological
origin.
In conclusion, our approximate analytical and exact
numerical calculations based on the graphene/adatom
model Eq. (1) provide strong evidence for substantial
SOC-induced spectral gap opening at the Dirac points
in the physically relevant regime of randomly distributed
adatoms. Such a gap should be observable in various
spectroscopies such as ARPES and STS. In addition,
Fourier transform STS should be able to discern unique
patterns characteristic of SOC (Fig. 1) in the intravalley
channel where the signal in pristine graphene is absent
due to symmetry considerations.
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